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In this article a particular classical, relativistic Lagrangian based on the isotropic fermion
sector of the Lorentz-violating (minimal) Standard-Model Extension is considered. The
motion of the associated classical particle in an external electromagnetic field is studied and
the evolution of its spin, which is introduced by hand, is investigated. It is shown that the
particle travels along trajectories that are scaled versions of the standard ones. Furthermore
there is no spin precession due to Lorentz violation, but the rate is modified at which the
longitudinal and transverse spin components transform into each other. This demonstrates
that it is practical to consider classical physics within such an isotropic Lorentz-violating
framework and it opens the pathway to study a curved background in that context.
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2I. INTRODUCTION
Since violations of CPT symmetry and Lorentz invariance were shown to appear in the context of
string theory [1–4], the interest in exploring a possible violation of this fundamental symmetry in nature
has grown steadily. Subsequently such a violation was also found to occur in loop quantum gravity [5, 6],
models of noncommutative spacetimes [7], spacetime foams models [8, 9], and in spacetimes endowed with
a nontrivial topology [10, 11]. Therefore it can be considered as a window to physics at the Planck scale.
A further boom creating a new field of research took place when the minimal Standard-Model Extension
(SME) was established [12]. The latter provides a powerful effective framework for describing Lorentz
violation for energies much smaller than the Planck scale.
Since then the field has been developing largely in both experimental searches for Lorentz violation and
the study of theoretical aspects. There has been a broad experimental search for Lorentz violation (see
the data tables [13] and references therein) and there are ongoing studies on the properties of quantum
field theories based on the SME [14–26]. Recently, the nonminimal versions of the SME including all
higher-dimensional operators of the photon, fermion, and neutrino sector have been constructed as well
[27–29].
Although the SME seems to work very well in flat spacetime, certain issues arise when it is coupled to
gravitational fields. Around ten years ago a no-go theorem was proven stating that an explicitly Lorentz-
violating field theory cannot be coupled to gravity consistently, because this leads to incompatibilities with
the Bianchi identities [30].1 A coupling is only possible if Lorentz invariance is violated spontaneously,
e.g., in a Bumblebee model [1, 14, 30–34].
Note that the incompatibilities mentioned were found in the context of Riemann-Cartan spacetimes,
i.e., spacetimes endowed with the Riemannian concept of curvature including torsion. An alternative
approach to considering Lorentz violation in gravitational backgrounds is to change the fundamental
geometrical concept. Hence instead of Riemann-Cartan geometry one might be tempted to use Finsler
geometry [39–46] as the basis of a theory of gravity. Geometrical quantities in Finsler spaces such as
curvature do not only depend on the particular point considered in the space but also on the angle
that a given line element encloses with an inherent direction in this space. Finsler spaces rest on more
general length functionals, whereby they can be considered as Riemannian spaces without the quadratic
restriction [47].
For this reason Finsler geometry may be a natural framework to describe preferred directions in a
curved spacetime, i.e., Lorentz violation in the presence of gravity. Lately plenty of work has been done
to identify Finsler spaces linked to certain cases of the SME fermion sector, which includes studies of
the minimal [48–52] and also the nonminimal sector [53]. In the current article isotropic subsets of the
minimal fermion sector will be investigated. We will obtain the corresponding Finsler structure and
address certain physical problems such as the propagation of a classical, relativistic, pointlike particle in
the Lorentz-violating background and the time evolution of particle spin.
The paper is organized as follows. In Sec. II all isotropic coefficients of the minimal SME fermion sector
are identified and the corresponding dispersion relations are computed. In Sec. III a generic isotropic
dispersion relation is considered and its associated classical, relativistic Lagrangian is derived, which is
then promoted to a Finsler structure. Section IV is dedicated to studying the physics of the classical
Lagrangian obtained. First of all the motion of the classical particle in an electromagnetic field will be
analyzed. Besides, the interest also lies in the behavior of particle spin, which is introduced by hand and
1 Besides, note that certain tensions with the generalized second law of black-hole thermodynamics may occur when partic-
ular Lorentz-violating theories are coupled to a black-hole gravitational background. The reason is the multiple-horizon
structure, e.g., for photons that arises in such frameworks [35–38].
3treated with the Bargmann-Michel-Telegdi (BMT) equation [58]. Finally the results are summarized and
discussed in Sec. V. Throughout the paper natural units with c = ~ = 1 are used unless otherwise stated.
II. ISOTROPIC DISPERSION LAWS IN THE MINIMAL FERMION SECTOR
The intention of the current section is to find all isotropic dispersion relations of the minimal SME
fermion sector. The full action including both minimal and nonminimal contributions reads as [29]
S =
∫
R4
d4xL , L = 1
2
ψ
(
γµi∂µ −mψ14 + Q̂
)
ψ +H.c. , (1a)
Q̂ = i
(
ĉµα1γµ + d̂
µα1γ5γµ + ê
α114 + if̂
α1γ5 +
1
2
ĝ µνα1σµν
)
∂α1
−
(
m̂14 + im̂5γ5 + â
µγµ + b̂
µγ5γµ +
1
2
Ĥµνσµν
)
. (1b)
Here ψ is a Dirac spinor field, ψ ≡ ψ†γ0 its Dirac conjugate, and mψ is the fermion mass. The γµ for
µ = 0 . . . 3 are the standard Dirac matrices obeying the Clifford algebra {γµ, γν} = 2ηµν14 and 14 is
the unit matrix in spinor space. The operator Q̂ is a collection of all minimal and nonminimal Lorentz-
violating composite operators in the pure fermion sector. All fields and operators are defined in Minkowski
spacetime with the metric (ηµν) = diag(1,−1,−1,−1).
The terminology to denoting Lorentz-violating operators is chosen according to Table 1 of [29]. Each
operator is characterized by a couple of free Lorentz indices whose number ranges from 0 to 2. These
indices control the spin behavior of the corresponding operator. Upon decomposition of Q̂ into the Dirac
bilinears according to Eq. (2) in the latter reference the operators are grouped into scalars, vectors, and
second-rank tensors. Additionally, in momentum space these are split into momenta and Lorentz-violating
component coefficients, cf. Eqs. (5), (6) in [29]. Their transformation properties with respect to (proper
and improper) observer Lorentz transformations and charge conjugation are stated in Table 1 of [29] as
well. Both the scalar m̂ and the pseudoscalar operator m̂5 only appear in the nonminimal sector, i.e., the
analysis will be restricted to the vector operators âµ, b̂µ, ĉµ, d̂µ, the scalar operators ê, f̂ , and the tensor
operators ĝµν , Ĥµν . The following calculations will be based on Eq. (39) of [29], which gives the general
dispersion relation of the SME fermion sector including all minimal and nonminimal contributions. The
dispersion relation involves the operators Ŝ, P̂ , V̂, Â, T̂ µν defined by Eqs. (2), (7) and Ŝ±, V̂µ±, T̂ µν± given
by Eq. (35) in the latter reference.
First of all the vector operators âµ ≡ a(3)µ and b̂µ ≡ b(3)µ shall be considered. They are contained in
V̂µ and Âµ, respectively, and they contribute to V̂µ±. For Ŝ± = −mψ, V̂µ± = pµ + V̂µ, and T̂ µν± = 0 the
modified fermion dispersion relation results in
p2 + 2p · V̂ + V̂2 −m2ψ = 0 , (2)
with the fermion four-momentum pµ. Setting V̂µ = −âµ the second term on the left-hand side of the latter
equation cannot be isotropic for any choice of âµ besides (a(3)µ) = (a(3)0, 0, 0, 0)T . The corresponding
dispersion relation is then given by
(p0)
+ = a(3)0 +
√
p2 +m2ψ , (3)
where p is the particle three-momentum. Here (p0)
+ denotes the positive-energy dispersion law. This
result is encoded in Eq. (94) of [29]. Note that a nonzero coefficient a(3)0 just leads to an unobservable
4shift of the particle energy, which reminds us of the fact that the coefficients a(3)µ can be removed by a
phase redefinition [29]. As a next step the operator b̂µ is considered. From Ŝ± = −mψ, V̂µ± = pµ ± Âµ,
and T̂ µν± = 0 we obtain:
(p2 + 2p · Â+ Â 2)(p2 − 2p · Â+ Â 2)− 2m2ψ(p2 − Â 2) +m4ψ = 0 . (4)
For Âµ = −b̂µ the term p · Â can only be isotropic, if (b(3)µ) = (b(3)0, 0, 0, 0)T . Then there are two different
dispersion relations that read as
(p0)
+
1,2 =
√
p2 +m2ψ + (b
(3)0)2 ± 2|b(3)0||p| ≈
√
p2 +m2ψ
(
1± |b(3)0| |p|
p2 +m2ψ
)
. (5)
The expansion here and all subsequent ones are understood to be valid for a sufficiently small Lorentz-
violating coefficient. Due to Lorentz violation the energies of fermion states with different spin projections
are no longer degenerate. This behavior resembles a birefringent vacuum for the photon sector.
The situation is slightly similar for the vector operators ĉµ ≡ c(4)µα1pα1 and d̂µ ≡ d(4)µα1pα1 being
comprised of second-rank tensor coefficients that are contracted with one additional four-momentum.
We consider V̂µ = c(4)µα1pα1 at first. To end up with an isotropic dispersion relation, the coefficients
c(4)µα1 must be chosen such that p · V̂ = pµc(4)µα1pα1 in Eq. (2) is isotropic. This is only the case if all
off-diagonal components vanish and c(4)11 = c(4)22 = c(4)33. Since c(4)µα1 is traceless, that heavily restricts
the possibilities of choices for the coefficients, with only one remaining:
(c(4)µν) = c(4)00 diag
(
1,
1
3
,
1
3
,
1
3
)
. (6)
Then even pµc
(4)µα1pα1 = 0, which makes the dispersion relation manifestly isotropic. The coefficients
d(4)µα1 behave in a similar manner. Setting Âµ = d(4)µα1pα1 , the expression p ·Â = pµd(4)µα1pα1 in Eq. (4)
must be isotropic. With an analogous argument this leads to
(d(4)µν) = d(4)00 diag
(
1,
1
3
,
1
3
,
1
3
)
. (7)
For the choice of Eq. (7) it can be checked that pµd
(4)µα1pα1 = 0 resulting in an isotropic dispersion
relation. Now the modified dispersion laws in case of nonvanishing coefficients c(4)00 and d(4)00 read as
follows:
(p0)
+
1,2 =
√[
3 + (2− c(4)00)c(4)00 + (d(4)00)2]2 p2 + 9 [(1 + c(4)00)2 − (d(4)00)2]m2ψ ± 4d(4)00|p|
3
[
(1 + c(4)00)2 − (d(4)00)2]
≈
√
p2 +m2ψ
(
1− c(4)00 (4/3)p
2 +m2ψ
p2 +m2ψ
)
± 4
3
d(4)00|p| . (8)
For d(4)00 = 0 there is a single dispersion relation for both spin projections of the fermion. At first order in
c(4)00 (and formψ = 0) this modification corresponds to the modification appearing in the isotropic, CPT-
even extension of the photon sector. That is reasonable, since both sectors are related by a coordinate
transformation (see [54] and references therein). The result is confirmed by Eq. (95) in [29]. For d(4)00 6= 0
there exist two distinct isotropic dispersion relations.
The next step is to consider the scalar operators ê ≡ e(4)α1pα1 and f̂ ≡ f (4)α1pα1 . For the operator ê
it holds that Ŝ = ê, Ŝ± = −mψ + ê, V̂µ± = pµ, and T̂ µν± = 0, which is subsequently inserted in Eq. (39)
of [29] to give
p2 − (mψ − ê )2 = 0 . (9)
5The latter can only be isotropic for (e(4)α1) = (e(4)0, 0, 0, 0)T leading to the dispersion relation
(p0)
+ =
√
[1− (e(4)0)2]p2 +m2ψ − e(4)0mψ
1− (e(4)0)2 ≈
√
p2 +m2ψ − e(4)0mψ . (10)
The result corresponds to the observation that a
(5)000
eff is isotropic (see Eq. (97) in [29]) where this effective
dimension-5 coefficient also contains e(4)0 according to the first of Eqs. (27) in [29]. A similar investigation
can be carried out for f̂ where Ŝ± = −mψ ± iP̂ , which gives
p2 − (m2ψ + f̂ 2) = 0 . (11)
The latter result can only be isotropic for (f (4)α1) = (f (4)0, 0, 0, 0)T , whereby one obtains
(p0)
+ =
√
p2 +m2ψ
1− (f (4)0)2 ≈
√
p2 +m2ψ
(
1 +
1
2
(f (4)0)2
)
. (12)
Note that by a spinor redefinition the coefficients f (4)α1 can be transferred to the ĉµ operator [55]. In
addition, the dispersion relation is only affected at second order for this particular type of coefficients.
Last but not least the tensor coefficients Ĥµν ≡ H(3)µν and ĝµν ≡ g(4)µνα1pα1 will be investigated.
They are both contained in the tensor operator T̂ µν = ĝµν − Ĥµν . The special case derived from the
general dispersion relation of Eq. (39) in [29] by setting Ŝ± = −mψ, V̂ µ± = pµ is given by:
0 =
(
m2ψ − T̂ µν− T̂−,µν
)(
m2ψ − T̂ ̺σ+ T̂+,̺σ
)
+ p4
− 2pµ
(
−mψηµν + 2iT̂ µν−
)(
−mψην̺ − 2iT̂+,ν̺
)
p̺ , (13a)
with the convenient definition
T̂ µν± ≡
1
2
(
T̂ µν ± i ˜̂T µν) , ˜̂T µν = 1
2
εµν̺σ T̺̂σ . (13b)
The latter involves the dual of T̂ µν , which is denoted with an additional tilde and formed by contraction
of T̂ µν with the four-dimensional Levi-Civita symbol εµν̺σ where ε0123 = 1. Now Eq. (13a) can be further
simplified by using the properties of T̂ µν . When adding the operators defined in Eq. (13b) the dual is
eliminated. Furthermore the square of T̂ µν corresponds to the square of its dual with an additional minus
sign. Eventually, T̂ µν contracted with two four-momenta vanishes:
T̂ µν+ − T̂ µν− = i ˜̂T µν , T̂ µν T̂µν = − ˜̂T µν ˜̂T µν , pµT̂ µνpν = 0 . (14)
The second and third relationship follow from the antisymmetry of T̂ µν . By using these relations,
Eq. (13a) can be further simplified:
p4 − 2m2ψp2 +
(
m2ψ −
1
2
T̂ µν T̂µν
)2
+
1
4
(T̂ µν ˜̂T µν)2 − 8pµT̂ µν− T̂+,ν̺p̺ = 0 . (15)
For the tensor operator Ĥµν the only term that may lead to anisotropy is the last one on the left-hand
side of the latter equation. By explicitly inserting Ĥµν , it can be demonstrated that no choice of the
coefficients of H(3)µν leads to an isotropic expression. In [29] it was shown that only the dimension-5
coefficients H˜
(5)0j0j
eff produce an isotropic dispersion law (see Eq. (97) in [29]). According to the fourth of
Eqs. (27) in [29] these effective coefficients contain H˜(5)0j0j where H˜(5)µνα1α2 are the dual coefficients of
6H(5)µνα1α2 . Furthermore, by symmetry arguments they also comprise d(4)00. This explains the isotropic
dispersion laws of Eq. (8) following from a nonzero coefficient d(4)00.
Hence an isotropic dispersion relation does not exist for any of the dimension-3 component coefficients
H(3)µν . For the tensor operator ĝµν the situation is different. With T̂ µν = g(4)µνα1pα1 it can be checked
that there is an isotropic dispersion relation for two different choices of coefficients. The first choice is
g(4)123 = g(4)231 = g(4)312 ≡ g1 , g(4)132 = g(4)213 = g(4)321 = −g1 , (16)
and all others set to zero, which results in two modified dispersion relations:
(p0)
+
1,2 =
√
(1 + g 21 )p
2 ± 2|g1|mψ|p|+m2ψ ≈
√
p2 +m2ψ
(
1± |g1| mψ|p|
p2 +m2ψ
)
. (17)
The nonzero coefficients of Eq. (16) are contained in g˜
(4)0jj
eff of Eq. (95) in [29] where g˜
(4)µνα1 denotes the
dual of g(4)µνα1 . According to the third of Eqs. (27) in [29] these effective coefficients also contain b(4)0,
which explains the isotropic dispersion relation of Eq. (5). For this particular choice of g(4)µνα1 the last
term on the left-hand side of Eq. (15) is isotropic. The second choice of coefficients, which fulfills that
condition, is
g(4)101 = g(4)202 = g(4)303 ≡ g2 , g(4)011 = g(4)022 = g(4)033 = −g2 , (18)
and all remaining ones set to zero. This case gives rise to a single modified dispersion relation:
(p0)
+ =
√
(1 + g22)p
2 +m2ψ ≈
√
p2 +m2ψ
(
1 +
g22
2
p2
p2 +m2ψ
)
. (19)
Note that Eq. (17) comprises a modification at first order in the Lorentz-violating coefficients, whereas
the modification in Eq. (19) is of second order in Lorentz violation. The term T̂ µν T̂µν in Eq. (15) differs
for both sets of component coefficients leading to distinct dispersion relations.
To summarize, in the minimal fermion sector of the SME an isotropic dispersion relation exists for a
particular choice of a(3)µ, b(3)µ, c(4)µα1 , d(4)µα1 , e(3)α1 , f (3)α1 , and g(4)µνα1 component coefficients. Some
of these dispersion relations depend on the spin projection of the fermion, which is the analogy of a
birefringent vacuum in the photon sector.
III. CONSTRUCTION OF THE CLASSICAL LAGRANGIAN AND FINSLER STRUCTURE
As of now we intend to consider an isotropic modified dispersion relation of the generic form
p20 −Υ2p2 −m2ψ = 0 , (p0)1,2 = ±
√
Υ2p2 +m2ψ , (20)
with a dimensionless parameter Υ where in the standard case Υ = 1. Such a dispersion relation emerges
from a particular choice of the g(4)µνα1 coefficients, cf. Eq. (19), or for a nonvanishing c(4)00 (see Eq. (8)
by setting d(4)00 = 0) when absorbing the global modification before the square root into the fermion
mass. This dispersion relation is based on the fermion Lagrangian of the SME, i.e., it is a field theory
result.
In what follows, for the particular isotropic dispersion relation of Eq. (20) the Lagrangian L shall be
derived, which describes a classical, relativistic, pointlike particle whose conjugate momentum satisfies the
dispersion relation mentioned. It was shown in [48] that such a Lagrangian can, in principle, be obtained
7from five equations involving the four-momentum components pµ and the four-velocity components u
µ
of the classical particle. One of these equations is the modified dispersion relation. Furthermore, due
to parameterization invariance of the classical action along a path the Lagrangian must be positively
homogeneous of first degree in the velocity. Then it has to be of the following shape, which forms the
second equation:
L = −uµpµ , pµ = − ∂L
∂uµ
. (21)
Here pµ is the conjugate momentum of the particle. Note the minus sign in the definition of the latter.
If we construct a quantum-mechanical wave packet from the quantum-theoretic free-field equations, its
group velocity shall correspond to the velocity of the classical pointlike particle:
∂p0
∂|p| = Υ
2 |p|
p0
!
= −|u|
u0
. (22)
Because of the assumed isotropy of the Lagrangian the original three conditions, which hold for the spatial
momentum components, result in only one equation here for the magnitude |p| of the spatial momentum
and the magnitude |u| of the three-velocity. This single equation can be solved with respect to |p|:
Υ4p2
Υ2p2 +m2ψ
=
u2
(u0)2
⇒ |p| = mψ|u|
Υ
√
Υ2(u0)2 − u2 . (23)
Then the zeroth four-momentum component can be expressed via the velocity as well:
p0 = ±
√
Υ2p2 +m2ψ = ±
Υmψ|u0|√
Υ2(u0)2 − u2 . (24)
According to Eq. (22) for u0 ≥ 0 the sign of p0 has to be chosen as negative. For u0 < 0 the sign is taken
to be positive. However the absolute value of u0 in Eq. (24) produces an additional minus sign in this
case. This leads to:
L = −p0u0 − p · u =
Υmψ(u
0)2√
Υ2(u0)2 − u2 −
mψu
2
Υ
√
Υ2(u0)2 − u2 = mψ
√
(u0)2 − u
2
Υ2
= mψ
√
(u · ξ)2 − 1
Υ2
[(u · ξ)2 − u2] , (25)
with the preferred timelike direction (ξµ) = (1, 0, 0, 0)T . If only the positive-energy solution in Eq. (24) is
considered, the Lagrangian with a global minus sign must be taken into account as well. It can be checked
that Eqs. (20) – (22) are fulfilled by the positive Lagrangian for u0 < 0 and by the negative Lagrangian for
u0 ≥ 0. Since in the remainder of the paper u0 ≥ 0 will be chosen anyhow, the Lagrangian with a global
minus sign will be considered from now on. For Υ = 1 one obtains the standard result L = ±mψ√uµuµ.
The Lagrangian itself has an intrinsic metric rµν associated to it, which is used to define scalar products,
e.g., u · ξ = rµνuµξν . This intrinsic metric corresponds to the Minkowski metric, i.e., rµν = ηµν .
The following section, which ought to be understood as an interlude, is dedicated to identifying the
Finsler structure associated to the Lagrangian with a global minus sign, i.e., L = −mψ
√
(u0)2 − u2/Υ2
(see [43] for the properties of such a structure). As outlined in the introduction, the basic goal of the
community is to understand how Lorentz-violating theories can be coupled to gravitational backgrounds
in a consistent manner. A reasonable assumption is that this is possible using the concept of Finsler
geometry, since the latter incorporates intrinsic preferred directions into the description of geometrical
8quantities in a natural way. Readers who are not interested in Finsler geometry can skip the rest of the
current section, since the results will not be directly employed in the remainder of the article.
There are two different possibilities of proceeding [49]. The first is to set u0 = 0, which results in a
three-dimensional Finsler structure describing a Euclidean geometry with a global scaling factor:
F˜Υ(y) ≡ i
mψ
L(u0 = 0, ui = yi) =
1
Υ
√
rijyiyj , (rij) = diag(1, 1, 1) , y ∈ TM \ {0} , (26)
where TM is the tangent bundle of the Finsler space. The scalar product of two vectors α, β in the
tangent space is given by α · β = rijαiβj with the intrinsic metric (rij) = diag(1, 1, 1). This structure
describes a Euclidean space with all dimensions scaled by 1/Υ. A similar space results from applying the
same procedure to the Finsler structure of the nonminimal coefficient m(5)00 considered in [53].
The alternative is to perform a Wick rotation leading to the four-dimensional Finsler structure
FΥ(y) ≡ i
mψ
L(u0 = iy4, ui = yi) =
√
(y4)2 +
1
Υ2
∑
i=1,2,3
(yi)2 =
√
(y · ζ)2 + 1
Υ2
[y2 − (y · ζ)2] , (27)
where y ∈ TM \ {0}. The intrinsic metric here is (rij) = diag(1, 1, 1, 1) and ζ = (0, 0, 0, 1)T is a preferred
direction where ζ i ≡ ξi for i = 1 . . . 3 and ζ4 ≡ ξ0 with the ξµ used in Eq. (25). The following consid-
erations will be concentrated on the second Finsler structure FΥ. The Finsler metric can be computed
via
gij(y) ≡ 1
2
∂
∂yi
∂
∂yj
FΥ(y)
2 , (gij) = diag
(
1
Υ2
,
1
Υ2
,
1
Υ2
, 1
)
, (28)
and the particular result is independent of y. The Finsler structure FΥ describes a Euclidean geometry
as well. To check this, the Cartan torsion [45]
Cijk ≡ 1
2
∂gij
∂yk
=
1
4
∂3
∂yi∂yj∂yk
F 2Υ . (29)
is needed where its mean is defined as
I ≡ Iiyi , Ii ≡ gjkCijk , (gij) ≡ (gij)−1 , (30)
with the inverse Finsler metric gij . For the special Finsler metric in Eq. (28) the mean Cartan torsion I
vanishes, which according to Deicke’s theorem [56] shows that the corresponding space is Riemannian.2
In this space three dimensions are scaled by 1/Υ and one dimension remains standard. Therefore the
length of a vector in the scaled subspace, which corresponds to the spatial part of the original spacetime,
is scaled where the angle between such vectors stays unmodified. However angles between vectors change
when they have one component pointing along the y4-axis, which has some influence on, e.g., velocities
in the corresponding spacetime.
All Finsler spaces in the context of the minimal SME, which have been considered in other references
so far, are related to non-Euclidean spaces. This holds for a-space [48, 49], b-space [48, 49], the bipartite
spaces [50], and the spaces considered in [51]. A reasonable conjecture is that only single, isotropic
dispersion relations such as the one investigated here lead to Euclidean structures.
2 In [49] Lagrangians were considered with their intrinsic metric rµν being promoted to a general pseudo-Riemannian
metric. By doing so, the Lagrangian can describe the motion of a relativistic particle on a curved spacetime manifold.
Performing the generalization here would lead to the Finsler structure of Eq. (27) with its scalar products being defined
by an intrinsic metric rij , which is not necessarily flat. In this case according to Eq. (28) the Finsler metric gab =
rajrbmζ
jζm + (rab − rajrbmζ
jζm)/Υ2 would be associated to the structure. Note that Υ, ζa, and rab are then understood
to be position-dependent functions, in general. Since gab does not depend on y
i, its mean Cartan torsion vanishes showing
that it still describes a Riemannian space. In the remainder of the current article the intrinsic metric will be assumed to
be flat, though.
9IV. CHARGED RELATIVISTIC PARTICLE IN AN ELECTROMAGNETIC FIELD
After clarifying the mathematical foundations of the modified Lagrangian in the last section, its phys-
ical properties shall be investigated. In what follows, particle trajectories shall be parameterized such
that u0 = c and u = v where c is the speed of light and v the ordinary three-velocity of the particle.
Note that natural coordinates are used with c = 1. The Lagrangian then reads as follows:
L = −mψ
√
1− v
2
Υ2
. (31)
If the particle moves freely, the trajectory will be the same straight line such as in the standard case
without any Lorentz violation. Using the metric corresponding to the Lagrangian,
gµν =
1
2
∂2L2
∂uµ∂uν
= m2ψ diag
(
1,− 1
Υ2
,− 1
Υ2
,− 1
Υ2
)
µν
, (32)
the conserved quantities can be computed according to Eqs. (35) and (36) in [57] and they are given by:
E = − 1
L
g0νu
ν =
mψ√
1− v2/Υ2 = γΥmψ , (33a)
Pi = − 1
L
giνu
ν = − mψ√
1− v2/Υ2
vi
Υ2
= −γΥmψv
i
Υ2
, γΥ ≡ 1√
1− v2/Υ2 , (33b)
with a modified Lorentz factor γΥ. For Υ = 1 these correspond to the classical energy and spatial
momentum (besides a global sign), as expected. The spatial momentum is part of the contravariant
four-momentum, whereby the index on Pi has to be raised to produce an additional sign. The quantities
E and Pi will appear again below.
To understand the modified physics, the classical particle is assigned an electric charge q and its
propagation in an electromagnetic field will be studied. Therefore a four-potential (Aµ) = (φ,A) is
introduced and the charged, classical particle is described by the following Lagrangian:
Lem = L+ qv ·A− qφ = −mψ
√
1− v
2
Υ2
+ qv ·A− qφ , (34)
with the scalar potential φ and the vector potential A. The equations of motion are obtained from the
Euler-Lagrange equations (with the position vector x), which for the particular Lagrangian of Eq. (34)
read as follows:
d
dt
∂Lem
∂v
=
∂Lem
∂x
, (35a)
d
dt
(
mψv/Υ
2√
1− v2/Υ2 + qA
)
= −q∇φ+ q∇(v ·A) . (35b)
The total time derivative of the vector potential
dA
dt
= −v × (∇×A) +∇(v ·A) + ∂A
∂t
, (36)
is used to express the right-hand side of Eq. (35b) via the physical electric and magnetic fields E, B:
dp
dt
= qv × (∇×A) + q
(
−∇φ− ∂A
∂t
)
= qv ×B+ qE . (37)
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For the zeroth four-momentum component, i.e., the particle energy, a further equation can be derived
directly from the equations of motion for the spatial momentum components:
dp0
dt
=
Υ2
p0
p · dp
dt
=
1
γΥmψ
γΥmψv · dp
dt
= qv · E . (38)
Now a relativistic momentum and energy can be introduced via
p =
γΥmψv
Υ2
, p0 = γΥmψ , γΥ =
1√
1− v2/Υ2 . (39)
In fact, with the free Lagrangian L it can be cross-checked that
p0 = − ∂L
∂u0
= mψ
u0√
(u0)2 − u2/Υ2 , (pi) = −
∂L
∂u
= −mψ u/Υ
2√
(u0)2 − u2/Υ2 , (40)
which corresponds to Eq. (39) for u0 = c = 1, u = v and again taking into account that p is the spatial
momentum of the contravariant momentum four-vector. Therefore raising the index on pi produces an
additional minus sign. With the proper time dτ = dt/γ the equations of motion (37), (38) can be written
in a covariant form:
du˜α
dτ
=
q
mψ
Fαβuβ , (u˜
α) = γΥ
(
1
v/Υ2
)
, (uα) = γ
(
1
v
)
, (41)
where Fµν = ∂µAν − ∂νAµ is the electromagnetic field strength tensor. Note that the four-velocity u˜α
used on the left-hand side of the latter equation involves both modifications in the Lorentz factor and the
spatial velocity components, whereas the four-velocity uα on the right-hand side is standard. The reason
for this is that the particle kinematics is modified by the Lorentz-violating background field in contrast
to its coupling to the electromagnetic field.
Now the modified equations of motion shall be solved for particular cases to understand how their
solutions are affected by Lorentz violation. First, consider the case of a vanishing electric field, E = 0,
where the particle moves perpendicularly to a magnetic field B = Bêz, i.e., its initial velocity and position
shall be given by v(0) = vêy and x(0) = R êx, respectively. Here v is the constant velocity and R the
particle distance from the origin at the beginning. The equations of motion in the laboratory frame read
d
dt
(
mψv/Υ
2√
1− v2/Υ2
)
= qv ×B⇔ γΥmψ
Υ2
dv
dt
= qv ×B , (42)
where γΥ is time-independent, since the magnitude of the velocity does not change in a magnetic field. The
latter differential equations with the initial conditions above are satisfied by the following time-dependent
particle position and velocity:
x(t) =
R cos(ωt)R sin(ωt)
0
 , v(t) = Rω
− sin(ωt)cos(ωt)
0
 , (43a)
v = R|ω| , ω = − Υ
2C√
1 + Υ2C2R2
= −Υ2C
(
1− 1
2
Υ2C2R2 + . . .
)
, C =
qB
mψ
. (43b)
This describes a circular motion with radius R and angular frequency ω such as in the standard case
where the sign gives the rotational direction. However additional scaling factors Υ appear that can be
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explained as follows. Kinematic quantities living in tangent space such as R and v involve a length
scale and, therefore, get multiplied by one power of 1/Υ each (cf. Eq. (28)): {R, v} 7→ (1/Υ){R, v}. In
contrast to position and velocity vectors, both the momentum vector p and the vector potential A live
in cotangent space and have an inverse length scale associated to them, which is why they are multiplied
by Υ (see the dispersion relation of Eq. (20)): {p,A} 7→ Υ{p,A}. Taking into account the relationship
Bl = −iεijkpjAk in momentum space, it follows that B 7→ Υ2B. Because of v = R|ω| the angular
frequency ω is unaffected by the scaling. Concerning the particle motion, since the magnitude of the
velocity is constant, p0 is time-independent. Due to E = 0 the first of Eq. (41) is satisfied as well, for
consistency.
As a next example consider a particle moving in a vanishing magnetic field, B = 0, where the particle
initially moves perpendicularly to the electric field E = E êz with the initial conditions v(0) = v0êy and
x(0) = 0. The equations of motion in the laboratory frame then read as follows:
d
dt
(
mψv/Υ
2√
1− v2/Υ2
)
= qE . (44)
An integration with respect to t using the initial condition v(0) = v0êy leads to:
v√
1− v2/Υ2 −
v0êy√
1− v20/Υ2
=
qΥ2
mψ
Et . (45)
This is a system of algebraic equations for vy and vz (vx ≡ 0), which can be solved to give
vy(t) =
v0√
1 + Υ2C˜2t2
, vz(t) =
Υ2C˜t√
1 + Υ2C˜2t2
, C˜ =
qE
mψ
√
1− v
2
0
Υ2
, (46a)
where a subsequent integration results in
y(t) =
v0
ΥC˜
ln
(
ΥC˜t+
√
1 + Υ2C˜2t2
)
, z(t) =
Υ2C˜t2
1 +
√
1 + Υ2C˜2t2
. (46b)
Here the trajectory again involves additional scalings with Υ. The behavior can be understood when
taking into account that each of the velocities vy, vz, v0 and positions y, z gets one power of 1/Υ:
{vy, vz , v0, y, z} 7→ (1/Υ){vy , vz, v0, y, z}. Due to Ej = i(pjφ+ p0Aj) and the scaling {p,A} 7→ Υ{p,A},
the electric field is subject to E 7→ ΥE. Concerning the physical behavior of the particle, the velocity
component in y-direction goes to zero starting from its initial value v0. This is due to the relativistic
increase in mass, since there is no force along the y-direction compensating for this effect. Therefore
the distance traveled in y-direction grows logarithmically, i.e., very slowly. The velocity in z-direction
steadily increases to reach its maximum value vz(t = ∞) = Υ as expected. For large times the particle
then travels with the practically constant velocity Υ resulting in the uniform motion z(t) ≃ Υt for t 7→ ∞.
For consistency, the first of Eq. (41) is fulfilled when inserting the electric field vector and the velocity
components of Eq. (46a).
A. Introduction of particle spin
Since spin is a manifestly quantum-mechanical concept, the classical particle studied in the previous
sections does not have any spin associated to it, although it shall be based on a Lorentz-violating fermion.
However it is possible to introduce spin for a classical particle according to the lines of [58]. The authors
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of the latter reference derive a relativistic equation of motion (often denoted as the BMT equation where
this abbreviation refers to the authors’ second names) for the spin of a classical particle of electric charge
q and mass mψ in an electromagnetic field. By doing so, they take the equation of motion for the spin
three-vector s as a basis:
ds
dτ
=
gq
2mψ
(s×B) . (47)
Generalization to arbitrary frames leads to the BMT equation:
dsα
dτ
=
gq
2mψ
[
Fαβsβ + (F
βγsβuγ)u
α
]
−
(
duβ
dτ
sβ
)
uα . (48)
Here g is the Lande´ factor of the particle, uµ is the particle velocity, (sµ) = (s0, s) the spin four-vector,
and τ the proper time. The spin four-vector can be understood as a covariant particle polarization vector.
According to [58] it is the expectation value of the Pauli-Lubanski (pseudo)vector W µ ≡ εµν̺σMν̺pσ/2,
which is a four-vector by construction [59].3 Here εµν̺σ is the four-dimensional Levi-Civita symbol with
the condition ε0123 = 1 and Mν̺ are the generators of the Lorentz group. The latter are a covariant
generalization of the angular momentum three-vector. The scalar product of W µ with itself is one of the
two Casimir operators of the Poincare´ algebra giving the eigenvalues W 2 = −mψs(s+1) for a particle at
rest. Since s is the particle spin eigenvalue, W µ can be interpreted as a covariant generalization of the
nonrelativistic spin operator.
The quantum mechanical treatment of fermion spin in the SME was carried out in [29, 60]. In the
latter references the time evolution of the spin expectation value was obtained from the expectation
value of the commutator of the spin operator and the Lorentz-violating Hamiltonian (cf. [61] where this
approach was introduced). At first order in Lorentz violation a Larmor-like precession of the particle
spin is induced by controlling coefficients leading to two distinct fermion dispersion relations. These are
subsets of the effective ĝ and Ĥ operators that comprise the operators b̂µ, d̂µ, Ĥµν , and ĝµν . Such a
behavior is reminiscent of the standard case when spin precession occurs for the valence electron of a
hydrogen atom in an external magnetic field accompanied by a splitting of its energy levels.
Therefore considering dispersion laws of the form of Eq. (20), the only set of isotropic controlling
coefficients that may lead to spin precession is given by Eq. (18). However it is evident that their correction
to the standard fermion dispersion relation is of quadratic order. Inserting these coefficients into Eq. (62)
of [29], which controls the spin part of the Hamiltonian at first order in Lorentz violation, gives zero as
expected. Therefore the spin operator commutes with the Hamiltonian at first order in the controlling
coefficients for the sets of coefficients studied. Based on the Heisenberg equations no additional time
dependence of the spin operator emerges from Lorentz violation at first order for the sets of coefficients
leading to the classical Lagrange function of Eq. (25). Note that the set of coefficients given by Eq. (16)
results in two distinct isotropic dispersion relations and classical Lagrangians corresponding to operators
with these properties are not considered in the current article.
To ensure that Lorentz violation does not give rise to an additional contribution to the zeroth com-
ponent of the BMT equation, the explicit form of the Pauli-Lubanski vector can be examined. In matrix
form the generators of the Lorentz group are written as
(Mµν) =

0 −K1 −K2 −K3
K1 0 J3 −J2
K2 −J3 0 J1
K3 J2 −J1 0
 , (49)
3 The operator stated on the first page of [59] is −W 2p2 with the metric used here.
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where Ki and Ji (for i = 1 . . . 3) are the boost and rotation generators, respectively. Now the Pauli-
Lubanski vector can be computed to give explicitly
(W µ) = −

J · p
p0J1 +K2p
3 −K3p2
p0J2 +K3p
1 −K1p3
p0J3 +K1p
2 −K2p1
 . (50)
where J = (J1, J2, J3). Replacing J by the spin operator −σ/2 where σ = (σ1, σ2, σ3) with the three
Pauli matrices σi (i = 1 . . . 3) we see that W 0 = σ · p/2. Since the spin part of the Lorentz-violating
Hamiltonian is of second order in Lorentz violation for the coefficients considered, W 0 commutes with
the Hamiltonian at first order in Lorentz violation. Thus an additional time-dependence for the zeroth
component of the BMT equation that is caused by Lorentz violation is not expected at first order. For
these reasons the validity of the BMT equation, as it stands in Eq. (48), is granted at first order in Lorentz
violation for the particular isotropic frameworks considered. In a few lines below an additional statement
will be made about possible Lorentz-violating effects at second order.
However Lorentz violation may still have an influence on particle spin at first order due to the second
term on the right-hand side of Eq. (48), which is linked to particle kinematics. It involves the four-
acceleration, which allows us to use the particle equations of motion. Now the isotropic Lorentz-violating
coefficients are assumed to be much smaller than one, i.e, Υ = 1 + χ with a generic, dimensionless,
isotropic Lorentz-violating coefficient χ. The modified four-velocity u˜α of the particle, which has been
employed on the left-hand side of Eq. (41), is then expanded around a zero coefficient χ:
(u˜α) = γ
(
1
v
)
− γ3
(
v2
(2− v2)v
)
χ , (51)
with the magnitude v ≡ |v| of the three-velocity v. Therefore for a small Lorentz-violating coefficient χ
the equations of motion of the classical particle involve the standard terms plus an additional contribution
on the right-hand side, which is linear in χ:
duα
dτ
=
q
mψ
Fαβuβ +
d
dτ
[
γ3
(
v2
(2− v2)v
)α ]
χ . (52)
The nonrelativistic version of this equation is obtained by expanding all quantities with respect to v2 ≪ 1:
d
dt
(
1 + v2/2
v
)α
=
q
mψ
Fαβ
(
1
−v
)
β
+
d
dt
(
v2
2v
)α
χ . (53)
This is a set of four nonrelativistic equations where the first one gives a relation for the nonrelativistic
kinetic energy of the particle in the electromagnetic field and the remaining ones give the acceleration
caused by the Lorentz force. For χ≪ 1 they are given by
d
dt
v2
2
= (1 + 2χ)
q
mψ
E · v , (54a)
dv
dt
= (1 + 2χ)
q
mψ
(E+ v ×B) , (54b)
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and they will be needed shortly. Then the modified evolution equations for the particle spin can be
obtained by inserting Eq. (53) in Eq. (48), neglecting all contributions of the order of v2 ≪ 1, and
assuming |vv˙| ≪ |v˙|:
dsα
dt
=
gq
2mψ
[
Fαβsβ + (F
βγsβuγ)u
α
]
− q
mψ
(F βγsβuγ)u
α −
(
0
2v˙χ
)β
sβu
α
=
q
mψ
[g
2
Fαβsβ +
(g
2
− 1
)
(F βγsβuγ)u
α
]
+ 2χv˙ · suα . (55)
The intermediate result is that there appears an additional term on the right-hand side of the spin
evolution equations, which is proportional to the Lorentz-violating coefficient and describes a coupling
between the spin vector and the ordinary particle three-acceleration v˙. Introducing the electromagnetic
fields leads to
d
dt
(
s0
s
)
=
q
mψ
{
g
2
(
E · s
Es0 + s×B
)
+
(g
2
− 1
) [
(E · v)s0 − (E+ v ×B) · s+ mψ
q
χ˜ v˙ · s
](
1
v
)}
,
(56a)
χ˜ ≡ 4χ
g − 2 , (56b)
where the coefficient χ˜ has been introduced for convenience. Using the equations of motion (54b), the
Lorentz-violating contribution can be combined with the coupling term between the electromagnetic fields
and the spatial spin vector:
−(E+ v ×B) · s+ mψ
q
χ˜ v˙ · s = −(1− χ˜)[E + v×B] · s . (57)
For a vanishing electric field, E = 0, the spin evolution equations then give
d
dt
(
s0
s
)
=
q
mψ
{
g
2
(
0
s×B
)
+
(
1− g
2
) (
1− χ˜)[v ×B] · s(1
v
)}
. (58)
This is the final form of the BMT equation that shall be solved. To make a physical prediction, a particular
Ansatz for the spin four-vector is inserted, which was introduced in [58]:
sα =
√
−s2(eαl cosφ+ eαt sinφ) , (59a)
eαl = e
α
l (t) =
(
v(t)
v̂(t)
)α
, eαt = e
α
t (t) =
(
0
n̂(t)
)α
, (59b)
v̂(t) ≡ v(t)
v(t)
, |n̂(t)| = 1 , φ = φ(t) . (59c)
The Ansatz is chosen such that s2 = 1 and s · u = 0. Both eαl and eαt are normalized four-vectors where
the additional γ-factor before eαl has been omitted, since the nonrelativistic regime is considered. The
spatial part of the first vector is chosen to point along the particle velocity where the spatial part of the
second vector is assumed to be perpendicular to the velocity, i.e., n̂ · v̂ = 0. Hence sα is decomposed
into a longitudinal and a transverse part. Since s2 is assumed to be constant, a change of the angle φ
describes how the longitudinal part is transformed into the transverse part and vice versa. The Ansatz
contains the velocity vector v(t) that is a solution of the equations of motion. As an example consider
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the case of a vanishing electric field E = 0 and a constant magnetic field pointing along the z direction:
B = B êz. The charged particle carries out a circular motion as derived in Eq. (43) where the following
quantities are understood to be valid at linear order in the Lorentz-violating coefficient χ. Thereby the
choices below have to be made for the Ansatz of Eq. (59a):
v(t) = (1 + 2χ)v˜ v̂ , v̂(t) =
− sin(ωt)cos(ωt)
0
 , n̂(t) = −
cos(ωt)sin(ωt)
0
 , (60a)
ω = −(1 + 2χ) v˜
R
, v˜ =
qBR
mψ
. (60b)
Note that the Lorentz-violating coefficient has been pulled out of the magnitude of the three-velocity
vector to make its appearance explicit. So v(t) is understood to be |v(t)| and v˜ is the particle velocity for
vanishing Lorentz violation. Then the Ansatz for the spin four-vector reads as follows:
(
s0
s
)
=
√
1− (1 + 2χ)2 v˜2 cos2(Ωt)

(1 + 2χ)v˜ cos(Ωt)
− sin[(ω +Ω)t]
cos[(ω +Ω)t]
0
 , Ω ≡ φ˙ . (61)
The time derivative of the spin four-vector expanded for v˜2 ≪ 1 is given by
d
dt
(
s0
s
)
=

−(1 + 2χ)v˜Ω sin(Ωt)
−(ω +Ω) cos[(ω +Ω)t]
−(ω +Ω) sin[(ω +Ω)t]
0
+O(v˜2) , (62)
where the square root of the normalization leads to higher-order terms in the nonrelativistic expansion.
Using the previous results one obtains
s×B =
− sin[(ω +Ω)t]cos[(ω +Ω)t]
0
×
00
B
 = B
cos[(ω +Ω)t]sin[(ω +Ω)t]
0
+O(v˜2) , (63a)
v ×B = (1 + 2χ)v˜
− sin(ωt)cos(ωt)
0
×
00
B
 = (1 + 2χ)v˜B
cos(ωt)sin(ωt)
0
 , (63b)
(v ×B) · s = −(1 + 2χ)v˜B
{
sin[(ω +Ω)t] cos(ωt)− cos[(ω +Ω)t] sin(ωt)
}
+O(v˜2)
= −(1 + 2χ)v˜B sin(Ωt) +O(v˜2) . (63c)
Hence the right-hand side of the nonrelativistic BMT equation (58) reads
q
mψ
{
g
2
(
0
s×B
)
+
(
1− g
2
) (
1− χ˜)[v ×B] · s(1
v
)}
=
qB
2mψ

(1 + 2χ)(g − 2− 4χ)v˜ sin(Ωt)
g cos[(ω +Ω)t]
g sin[(ω +Ω)t]
0
+O(v˜2) . (64)
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It can be checked that both sides of the BMT equation are equal for the following choice
Ω = −(1− χ˜) qB
mψ
(g
2
− 1
)
=
q
mψ
(g
2
− 1
) (
1− χ˜)v̂ · (B× n̂) . (65)
The structure of the latter result corresponds to Eq. (9) in [58] for a vanishing electric field, but the global
prefactor is modified by Lorentz violation. This alters the rate at which the transverse spin component
is transformed into the longitudinal one (and vice versa). The modification is indirectly caused by the
modified particle kinematics where the spin itself does not introduce any Lorentz-violating effects at
first order in Lorentz violation. Observing that the modified classical trajectory of Eq. (43), the BMT
equation (58), and the modified rate of Eq. (65) are consistent with each other at first order in Lorentz
violation demonstrates that the used approach is reasonable. Note that the kinematic term including
Lorentz violation into the BMT equation comes with a minus sign. So the frequency Ω is reduced by a
positive Lorentz-violating coefficient χ. This behavior is in contrast to the increase of the frequency ω.
Furthermore the modification is independent of the Lande´ factor as expected, since it originates purely
from Lorentz-violating kinematics.
For isotropic Lorentz-violating frameworks the BMT equation of Eq. (48) is expected to be modified
at second order in Lorentz violation. This modification is supposed to involve the timelike preferred
spacetime direction (ξµ) = (1, 0, 0, 0)T and it may lead to novel precession effects that are not governed
by the Ansatz of Eq. (59a). The spin four-vector itself would then involve ξµ as well and upon a particle
Lorentz transformation the condition s · u = 0 would not be satisfied any more. Therefore one possible
signal of Lorentz violation could be that the spin four-vector does not stay perpendicular to the four-
velocity.
V. DISCUSSION AND OUTLOOK
In this article the properties of a generic isotropic dispersion relation of the SME fermion sector were
on the focus. The corresponding classical, relativistic Lagrangian was determined and it was promoted
to a Finsler structure. It was shown that the associated Finsler space is Riemannian.
The classical particle was then assigned an electric charge and it was coupled to an external electro-
magnetic field. By doing so, the equations of motion were determined and solved for particular cases.
The resulting particle trajectories were shown to be very similar to the standard ones with the difference
that some quantities are scaled due to the presence of the isotropic Lorentz-violating background field.
Subsequently the goal was to understand the behavior of particle spin. Since spin is a quantum
theoretical concept, for the classical particle it had to be introduced by hand. Its time evolution was
derived by considering a modified version of the BMT equation. The result is that for a nonvanishing
magnetic field the rate is modified at which the transverse component is transferred into the longitudinal
one and vice versa. However at first order, Lorentz violation does not have any influence on spin precession
in the magnetic field. A modification is expected to occur for a Lorentz-violating theory exhibiting
dispersion relations depending on spin projection. However those dispersion relations were not considered
here.
The paper shows that classical calculations within an isotropic, fermionic framework are feasible, which
supports the consideration of isotropic models first before delving into more complicated4 frameworks
based on the b-structure, for example [48, 49]. A reasonable conclusion is to associate the properties of the
4 Possible isotropic subspaces, e.g., of the b-structure may be treatable on the same level of complexity, though.
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modified physics, e.g., scaled particle trajectories in electromagnetic fields and a scaling of the transition
rate between transverse and longitudinal spin components, with Euclidean Finsler structures. A next step
might be to promote the flat intrinsic metric rµν to a curved metric gµν(x) and the constant coefficient Υ
to a spacetime-dependent function Υ(x). Studying the particle trajectories in such a spacetime may be a
further step towards a better understanding of Lorentz violation in the context of gravity.
Recently a paper has appeared on how to apply the concept of Finsler geometry to the photon sec-
tor [62]. The approach of the latter reference differs from what is carried out in the current article. A
future purpose will be to apply our procedure to the photon sector of the SME. It remains to be seen
whether the results to be obtained will be consistent with the conclusions of [62].
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